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ABSTRACT 
In this paper as an application of Nienhuys-Thiemann's theorem we show that a ring derivation 
on H(G), the algebra of analytic functions on a region G, is linear. 
1. INTRODUCTION 
An operator D on a commutative algebra A is called a ring derivation if for 
all x, y cA,  D(x + y) =D(x) + D(y) and D(xy) = xD(y) + yD(x). Throughout this 
paper, H(G) denotes the algebra of analytic functions on a region G in the 
complex plane equipped with the topology of uniform convergence on compact 
subsets of G. The rationals, reals, and complex numbers are denoted by Q, R, 
and C respectively. 
In [SW], Singer and Wermer show that the range of a continuous linear 
derivation on a commutative Banach algebra is contained inthe radical. In [JS], 
Johnson & Sinclair show that a linear derivation on a semi-simple commutative 
Banach algebra A is necessarily continuous and hence a linear derivation is 
trivial on A. It is well known that there exists a nontrivial ring derivation (see 
[C]) on the algebra of complex numbers. 
For a ring derivation D on H(G) the following assertions are equivalent: 
1) D is continuous, 
2) D annihilates constant functions, 
3) D is linear, 
4) there exists h ~ H(G) such that D( f )= hf' for all f~  H(G). 
The implications 4)= 1)= 2)*~ 3) are trivial or easy to prove. 
199 
In [B], Becker has shown that a ring derivation D on H(G), a) necessarily an- 
nihilates constant functions and b) as a consequence is of the form D = hf' (this 
is implication 2)=4)). We give alternative proofs of a) using Nienhuys- 
Thiemann's theorem [NT] which states that given any two countable dense 
subsets A and B of R, there exists an entire function which is real valued and 
increasing on the real line R such that f(A)= B, and of b). 
THEOREM. If D is a ring derivation on H(G), then D is linear. 
To prove the above theorem and the above mentioned equivalence we need 
some lemmas which are given in Section 2 and the proof of the theorem is given 
in Section 3. 
2. LEMMAS 
LEMMA 1. Let D be a ring derivation on H(G) which annihilates constant 
functions. Then there exists h e H(G) such that 
D(f) = hf', ( fe n(o)). 
PROOF. Let z0 e G. Then, since D(f(zo))=0 we have 
D(f)  =D( f )  -D(f(zo)) 
= D( f - f ( zo ) )  
=D((z-zo) f :f(z____~)) 
Evaluating both sides at z0 and observing that D(zo)= 0 we obtain 
D(f)(zo) = D(z)(zo)f'(zo), (Zo e G). 
This implies that 
D(f) = hf', ( fe H(G)) 
where h = D(z). 
Denote by H the set of all entire functions which map Q, the set of rationals 
into Q except possibly for one point and also denote by EM the class of entire 
functions whose restriction to R is a real monotonically nondecreasing function. 
Note that to prove the theorem we may and shall assume without loss of 
generality that GNR--/:Cp. The proof of Lemma 2 follows the proof of the 
following theorem of Nienhuys & Thiemann [NT]. 
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THEOREM. Let S and T be countable verywhere dense subsets of R, let p be 
a continuous positive real function such that lim,.~ t -r ip(t)= oo for all neN 
and let fo ~ EM.  
Then there exists a function f~EM such that 
i) f is strictly increasing on R and f (S )= T, 
ii) [ f (z) - fo(Z) l  <P(]Z[) for all z~ C. 
LEMMA 2. Let a, fl E R. Then there exists fe /1  such that f ( f l )  = a and f is a 
strictly increasing function on R. 
PROOF. This can be proved by a simple modification of the proof given in 
INTl. The idea comes from the proof of a lemma on page 142 of [BHR]. In 
[NT] the function f of the theorem is obtained in the following way. Let Xl be 
an element of S. Then a sequence {fn} of entire functions is constructed such 
that: 
a) f l  is of the form f l  =fo(z)+ t~Z where 0>0 is such that ]0z[ <p(lz]) for all 
z ~ C and fo(xO + t~Xl ~ 7", 
b) fn (x l )=f l (x l )  for all n~N,  and 
c) the sequence {f,} is uniformly convergent on compact subsets of C to an 
entire function f ,  satisfying the requirements of the theorem (even with 
f '>0  on R). 
For our purpose, let S = {fl} U Q, T= {or} O Q and x I = ft. Choose p(z) = e Izl, 
= 3, fo any element of EM with f0(/~) = ot - 3/3, for instance fo(z) = z + a - ~fl 
and f l ( z )=f0(z )+ ½z. The construction i  [NT] leads to the desired function in 
with f (#)  = a and f '  > 0 on R. 
LEMMA 3. Given fl e R there exist f, g ~/-I such that f ( f l )  = g(fl) and 
f'(f l)  ¢ g'(fl). 
PROOF. In Lemma 2 let a ~: 0. Then there exists f~/ - I  such that f(B) = a, and 
there exists h ~/ t  such that h(fl) = 0. Now let g =f+ h. Obviously f ( f l )  = g(fl). 
From Lemma 2, we have h '> 0. This implies f ' ( f l )  =/:g'(fl). 
3. PROOF OF THE THEOREM 
It is easy to see that D annihilates rational constant functions and thus D is 
rational inear. Also since D( -  1)= 0 it is obvious that D(i)  = 0, where i = I/-Z-1. 
Let fe / - I  and a e Q N G. Then 
f - f (a )=(z -a ) ( f - z~a) ) .  
Applying D on both sides and evaluating at a we obtain 
(1) D(f ) (a)  - D(f(ot))(a) = (D(z)(ct) - D(a)(tz))f'(tz). 
Since a and f(ct) (except for one f (a) )  are rationals, in the above relation 
D( f (a ) )  = D(tz) = 0. Hence 
D( f ) (a )  =D(z) (a) f ' (a ) ,  (a ~ Qt') G). 
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Since Q n G is dense in R O G and D( f )  is analytic, we have 
O(f )  = D(z)f ' ,  ( f  ~ 17I). 
Now (1) also holds for aeROG,  so it follows 
(2) D(f(a))(a)=D(a)(ct) f ' (a) ,  (aeROG) .  
By Lemma 3, there exist f, g ~ H such that f (a )  = g(ot) and f ' (a)  Cg'(a). Using 
this in (2) we obtain 
D(a)(a) f ' (a)  = D(a)(a)g'(a) 
which implies that 
(3) D(a)(a) = 0, (a e R G G). 
By Lemma 2, for given f le R n G, and a e R there exists a function fe / - )  such 
that f ( f l )= a. Using (2) and (3) for this function we obtain 
0 = D(f(f l))(f l)  = V(ct)(fl) 
or D(a)(f l)=O for all a, f leROG.  Again since D(i)=O and since any real 
constant function a can be expressed as a = rc for some r e Q and c e R O G we 
conclude that given any complex constant function a + ib, the analytic function 
D(a + ib) takes values zero on R O G and hence D(a + ib)= 0 on G. Thus by 
Lemma 1, D is linear. 
4. REMARK 
It is possible to generalize the results above to the algebra H(G) of holo- 
morphic functions on certain domains G in C' .  By considering functions fe /~ 
in a natural way as a function of n variables it is possible to prove in a similar 
way as in the proof of the theorem that a ring derivation D on H(G) annihilates 
constants. 
Secondly if G is a pseudoconvex domain in C n, we can show that any deri- 
vation D on H(G) which annihilates the constants, is of the form 
Df= ~ h i Of for some h i e H(G). 
i= 1 3Zi 
Indeed, if x = (xa .. . . .  xn) E G, and fe  H(G) then 
f - f (x )= ~ (zi-xi)gi for some gi~H(G) 
i=l 
(see for instance Krantz ([K], Theorem 7.2.8, page 260). Applying D and 
evaluating at x (just as in Lemma 1) gives the result. 
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